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Abstract
This paper studies F-theory SU(5) GUT models where the three generations of the stan-
dard model come from three different curves. All the matter is taken to come from curves
intersecting at a point of enhanced E8 gauge symmetry. Giving a vev to some of the GUT
singlets naturally implements a Froggatt-Nielsen approach to flavour structure. A scan
is performed over all possible models and the results are filtered using phenomenological
constraints. We find a unique model that fits observations of quark and lepton masses
and mixing well. This model suffers from two drawbacks: R-parity must be imposed by
hand and there is a doublet-triplet splitting problem.
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1 Introduction
The Standard Model (SM) of particle physics (and its extensions) relies on a substan-
tial number of input parameters. The parameters, such as the quark masses, exhibit
some basic patterns. Explaining these structures is the motivation for much of the
proposed extensions of the SM. The structures are ideal for studying within string
theory phenomenology since they do not rely on exact numbers but on symmetries
and order-of-magnitude expressions. The study of flavour structures in Yukawa cou-
plings of Grand Unified Theories (GUTs) has recently gained new impetus within
string phenomenology with the developments of effective theories, labeled F-theory
GUTs, where the top quark Yukawa coupling is of order one [1–4]. This is certainly
a promising starting point for a theory of flavour. Apart from this promising result
these models are attractive because of their calculability properties: so called local
models can decouple the bulk manifold for the purpose of many calculations. In this
paper we will restrict to local model building, which means we decouple the bulk man-
ifold. This type of model building forms a large body of literature, see [5] for some
of the original work and [3, 4, 6–20, 22–33, 46] for more recent developments within F-
theory. Of course a fully global model is required for a consistent string vacuum and
we refer to [16, 20, 21, 24, 34–37] for recent developments in this direction. In partic-
ular [3, 10, 11, 17–19, 23, 27, 29–32] studied the issue of flavour structures in F-theory
models.
Local F-theory GUTs can be succinctly summarised as follows. The SM is realised
on a 7-brane wrapping a contractible 4-dimensional manifold S and carrying a GUT
gauge group (which in this paper is SU(5)). This brane intersects other 7-branes along
curves on its world-volume and along these curves there is localised matter which
transforms in the bi-fundamental representation of the GUT group and an extra U(1)
associated to the intersecting brane. This matter can be thought of as coming from the
adjoint representation of an enhanced gauge group along the matter curve. Interactions
between different matter curves occur locally where they intersect and the gauge group
is further enhanced. So for example Yukawa couplings are associated to the intersection
of 3 matter curves where the gauge group is enhanced from the GUT group by at least
rank 2. An important property of these interactions is that they must respect not only
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the GUT gauge symmetries but also the symmetries of the U(1)s. The main idea of
this paper is to use these extra symmetries to generate the observed structures in the
SM interactions.
Generically different interaction/intersection points will arise at different locations
on S. However in special circumstances it may be that there is a large enhancement
at a certain point where many curves intersect and in particular it may be that the
point enhanced gauge group is E8. This point of E8 is particularly interesting because
enough curves intersect to give rise to all the interactions of the SM [23, 24]. From a
calculability perspective this is very attractive since essentially all the possible inter-
actions are simply governed by the local enhanced symmetry and can be studied, to a
first approximation, irrespective of the distribution of curves on the whole of S. The
more global aspects are encoded in the local monodromies of the curves about the in-
tersection point [14,16,23,24]. A further attractive quality of models based on a point
of E8 is that they are ‘protected’ against extensions, by which we mean that no more
matter curves can intersect the point without inducing exotic states such as tensionless
strings [23,38–40]. Overall these type of models are ideal for studying symmetries and
patterns within the SM interactions.
In [23,24] studies of such models were initiated. With regards to flavour structures
and hierarchies the setup was such that the 3 generations all arose from a single matter
curve: 1 curve for the 3 generations of 10s and 1 for the 5¯s. The hierarchical structure
was then invoked through the mechanism proposed in [11] where the rank 1 Yukawas
are corrected at subleading orders in an expansion parameter by effects induced through
brane world-volume flux. Further studies of this mechanism found that although gauge
flux alone does not induce such corrections [29, 30], the proposed corrections can arise
through non-commutative deformations [29, 32]. In this paper we adopt a different
approach to the flavour structure problem. We take the generations to arise from
distinct matter curves. So 3 curves for the 10s and 3 for the 5¯s. This means that each
generation has different quantum numbers under the enhanced gauge symmetry. Such
a setup naturally lends itself to applications of the Froggatt-Nielsen mechanism [41].
In the paper we study such embeddings of matter curves and Froggatt-Nielsen
models within a point of E8. We show that simple phenomenological constraints are
enough to narrow thousands of possibilities to a handful of models. Imposing the
crude phenomenological requirements of rank 1 renormalisable Yukawa couplings, rank
3 Yukawa couplings with Froggatt-Nielsen fields, no observable proton decay, and three
light neutrinos rules out all the possible models. However if R-parity is imposed by
hand1 then we find that a number of models are possible and further imposing con-
straints on quark and neutrino masses and mixing we find a unique model that satisfies
all the phenomenological constraints.2
Apart from having to impose R-parity by hand the model also suffers from a
doublet-triplet splitting problem. The mechanism of hypercharge flux splitting [3,4] is
1More precisely we require that terms of the type βi5Hu 5¯i with i a family index are forbidden.
2If we allow the Froggatt-Nielsen fields to come in vector-like pairs then a few more models are
phenomenologically allowed. The problem with allowing vector-like pairs is that we expect them to
gain a large mass and decouple from the low-energy effective theory. Due to this issue these models
are relegated to the appendix.
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not available for these models. Indeed we show that this is the case for all local 3-curve
models, i.e. models where the 3 generations come from 3 different curves.
The paper is structured as follows. In section 2 we briefly review some details
regarding F-theory GUTs and then study general features of Froggatt-Nielsen models
within this framework. In section 3 we impose phenomenological constraints on models
based on 3 different curves for the generations. We find that we have to impose R-parity
which leads to a unique model. In section 4 we further study this model and show that
it matches phenomenological observations to a decent level. In section 5 we derive a
no-go result for doublet-triplet splitting in 3-curve models. We summarise the paper
in section 6. In appendix A we present models that satisfy crude phenomenological
constraints but fail finer ones. In appendix B we present models where some of the
Froggatt-Nielsen fields form vector pairs. In appendix C we present a brief analysis of
the vacuum for the phenomenologically successful model.
2 Matter curves, E8, and Froggatt-Nielsen
We begin this section with a review of local constructions of F-theory GUTs. The aim
is to reach the model building rules that are used in the rest of the paper. In section
2.1 we review local models in F-theory and in section 2.2 we review the role that E8
plays in local model building. The reviews are based on the papers [1, 2, 14, 16, 23, 24].
In section 2.3 we study the application of the Froggatt-Nielsen mechanism.
2.1 Local models of F-theory GUTs
Our starting point is considering an F-theory 7-brane with gauge group GS = SU(5)
wrapping a two complex-dimensional submanifold S inside an elliptically fibered CY
four-fold X . S is usually taken to be contractible to a point in order for there to exist
a limit where the bulk decouples. There will be other 7-branes inside X wrapping
submanifolds Si with gauge groups Gi = U(1)i. These intersect the gauge brane
S on matter (one complex-dimensional) curves Σi = S ∩ Si along which two chiral
multiplets localise which are charged under GS×Gi. The matter curves are associated
to an enhanced (from GS) gauge group GΣi ⊃ GS ×Gi which is enhanced generically
by rank 1. Matter curves associated to 5s of SU(5) are associated with an enhanced
gauge group SU(6), while curves with 10 are associated to an enhancement to SO(10).
Turning on flux along the curve valued in the extra U(1) generates chirality.
When curves intersect at a point there is a Yukawa coupling induced at the in-
tersection point, and there is a further enhancement which is generically by another
rank 1. The intersections of the curves can be seen by decomposing the adjoint of the
enhanced gauge group under GS ×Gi. So that for example for the 66 of SO(12) and
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the 78 of E6 we have
SO(12) ⊃ SU(5)× U(1)a × U(1)b , (2.1)
66 → 24(0,0) ⊕ 1(0,0) ⊕ 1(0,0) ⊕ (5⊕ 5¯)
(−1,0)
⊕ (5⊕ 5¯)
(1,1)
⊕ (10⊕ 1¯0)
(0,1)
,
E6 ⊃ SU(5)× U(1)a′ × U(1)b′ , (2.2)
78 → 24(0,0) ⊕ 1(0,0) ⊕ 1(0,0) ⊕ 1(−5,−3) ⊕ 1(5,3)
⊕ (5⊕ 5¯)
(−3,3)
⊕ (10⊕ 1¯0)
(−1,−3)
⊕ (10⊕ 1¯0)
(4,0)
.
where superscripts denote U(1) charges (of the 5 and 10, with 5¯ and 1¯0 have opposite
charges). For example we see that the point of E6 comes from an intersection of three
curves with 5 ⊕ 5¯, 10 ⊕ 1¯0, and 10 ⊕ 1¯0. The Yukawa couplings, in this case the
up-type, come from the interaction (adGP )
3. So the generic F-theory GUT has the
Yukawa coupling associated to points of E6 and SO(12) enhancement.
2.2 The role of E8
Local models in F-theory can also be described in a slightly different way. We can
consider a 7-brane wrapping S but now with a gauge group of higher rank than SU(5).
We then turn on a vacuum expectation value (vev) for the Higgs field in the world-
volume theory such that at a generic point on S the gauge group is broken to SU(5)×
U(1)4. The vev vanishes along matter curves where the gauge group is therefore locally
enhanced. This amends itself well to the viewing the 7-brane as a singularity inX which
is then resolved by the Higgs vev. Then all such models can be viewed locally as a
resolution of an E8 singularity, i.e. as a fibration of S over an ALE space with an E8
singularity. The generic deformation of an E8 singularity to SU(5) can be written as
y2 = x3 + b5xy + b4x
2z + b3yz
2 + b2xz
3 + b0z
5 . (2.3)
Here y, x and z are complex coordinates that are perpendicular to S within X such
that S is located at z = 0. The bi vary over S and so encode the fibration.
The geometry is encoded in the decomposition of the adjoint of the enhanced gauge
group
E8 ⊃ SU(5)× SU(5)⊥ :
248 → (24, 1)⊕ (1, 24)⊕ (10, 5)⊕ (5¯, 10)⊕ (1¯0, 5¯)⊕ (5, 1¯0) (2.4)
This gives the number of curves, which all have to meet for the full E8 to be restored.
The connection to (2.3) is through the fact that the bi are given by elementary sym-
metric polynomials of the weights ti, i = 1, .., 5 of the 5 of SU(5)⊥. More concretely
we associate a weight ti to a two-cycle that is blown up in resolving E8 → SU(5) and
each of the curves in (2.4) can be written in terms of these as
Σ10⊕1¯0 : ti = 0 , (2.5)
Σ5⊕5¯ : −ti − tj = 0, i 6= j , (2.6)
Σ1 : ± (ti − tj) = 0, i 6= j . (2.7)
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We see that these are indeed 5 10⊕ 1¯0 curves, 10 5⊕ 5¯ curves, and 2 × 10 + 4 = 24
singlets (here we get 2 singlets on each of the 10 matter curves in (2.7) and there are
an extra 4 that are not localised on a curve). In terms of the field theory the Higgs
vev is in the Cartan subgroup of SU(5)⊥ and so is given by 4 co-ordinates (the vev
along the 4 Cartan generators of SU(5)⊥) αI with I = 1, 2, 3, 4. These correspond to
the four-roots of E8 which are connected to the weights of the 5 (see [1] for explicit
relations). Since there are 4 roots and 5 weights there is one linear relation satisfied
by the weights which is
t1 + t2 + t3 + t4 + t5 = 0 . (2.8)
The Higgs breaks SU(5)⊥ to 4 U(1)s. These U(1)s are the U(1)s that the chirality
generating flux is turned on and so generally they will all be anomalous and/or gain a
Green-Schwarz mass. In the effective theory below the string scale they therefore may
act as global symmetries. The charge of the matter curves under these are given in
terms of the weights ti and since there are 4 linearly independent U(1)s and 4 linearly
independent tis the requirement for a gauge invariant operator O involving fields from
the matter curves is that when the curves are replaced by their root representatives as
in (2.5-2.7) and then summed over they sum to zero. This can either occur through
‘mesonic’ operators such as 55¯ or through ‘baryonic’ operators such as 5¯5¯10.
In specifying a local model the bi in (2.3) must be specified as functions of the
coordinates on S. Although the bi are functions of the ti this does not specify the ti
uniquely since the relations are non-linear. Solving for the ti one encounters branch cuts
which correspond to monodromies relating the different ti. The monodromy groups are
subgroups of the Weyl group of SU(5) and it was shown in [14] that wavefunctions
of localised matter that are interchanged by monodromy actions are connected such
that they should both be regarded as giving rise to the same matter zero mode. A
more technologically advanced description of this phenomenon is made through the
introduction of the spectral cover [16]. We return to this description in section 5 but
for now it is not required. The monodromy group is essential in understanding matter
interactions. Each matter curve in (2.5-2.7) will lie in an orbit of the monodromy
group and each element of this orbit represents the same field. Therefore interactions
involving this field can arise from any gauge invariant combinations made by any of
the representatives in the orbit.
In this paper we study models that are based on a single point of E8 enhanced
gauge symmetry. The reason for this is that we would like to study matter interactions
using only the quantum numbers and not their geometric properties. Since a point of
E8 is where all the curves in (2.5-2.7) geometrically meet, if an interaction between
those fields is allowed by symmetries we expect, and therefore assume, that it will
generically be present with an order 1 coefficient. If the curves were spread throughout
S there are possible geometric factors to do with potential separation of curves that
must be taken into account and can modify the order 1 coefficients. Concentrating
on a single point has benefits and drawbacks. These are the typical properties of
models associated with a more bottom-up perspective than a top-down one: the most
important drawbacks are of course that the models lack a global completion, which
could be much more constrained, and therefore do not form true solutions to string
theory. The main benefits are that there is much more freedom in model building.
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In particular for our case we allow ourselves the freedom to choose the chirality of
fields on the matter curves. This corresponds to the fact that the chirality depends
on integrating the flux over the whole curve and so relies on ‘global’ properties of S
which a model based on a single point can decouple from. Nevertheless there are some
constraints that still apply which we return to in section 5.
To summarise, the model building setup we use is as follows. We consider a single
point of E8 which has the matter curves (2.5-2.7) intersecting. We are free to choose
the net chirality of each curve. We are also free to choose the monodromy group that
acts on the curves. With these specified we study the possible interactions with the rule
that if an interaction is allowed by the symmetries of the problem then it is present
with an order 1 coefficient. Finally we also allow ourselves to give a non-vanishing
vacuum expectation value to up to 4 of the GUT singlets in (2.7). These vevs will play
a crucial role in our analysis and we now turn to a more detailed description of this
aspect.
2.3 Froggatt-Nielsen and F-theory GUTs
In this section we discuss applications of the Froggatt-Nielsen (FN) mechanism [41]
(see [42, 43] for reviews) to the models described in the previous section. The basic
idea is to generate flavour structures from vevs of GUT singlets localised on curves. In
this study we allow ourselves to choose the vevs for the GUT singlets. However there is
some motivation for why these singlets should develop a vev. The basic idea comes from
the fact that since there is non-trivial flux associated to the 4 U(1)s that are in SU(5)⊥
they may, and we assume do, become massive through the Green-Schwarz mechanism.
This in turn means that they should induce D-terms with geometric moduli dependent
Fayet-Iliopoulos (FI) terms. These D-terms will involve the open-string matter fields
that are charged under the U(1)s which include the singlets. Now if the geometric
moduli take values such that their contribution to the D-term is non-vanishing the
matter fields will develop a vev to minimise the D-term. Since the GUT group should
not be broken in this way the primary candidates are the singlets. Of course a proper
treatment of the vacuum is really a global issue and in a local approach the singlet vevs
can not be completely determined. We present a brief analysis of the ‘local’ vacuum
structure of a model in appendix C simply to show the type of issues that arise.
The question of whether the U(1)s gain a mass is a global one. Recall that if a
U(1) is anomalous it is guaranteed to gain a Green-Schwarz mass but it also gains
such a mass if it couples to a globally non-trivial Ramond-Ramond field. Calculating
this coupling within the local framework of this paper is not possible and therefore we
assume that the U(1)s gain a mass as they should phenomenologically.3
With the U(1)s being massive they act effectively as global symmetries of the low
energy effective theory. However because some of the GUT singlets develop a vev they
3The coupling can be determined for the case where both the 2-cycle and dual 4-cycle associated
to the U(1) are local. In orbifold language these are N = 1 sectors. Indeed the mass of such U(1)s
can be determined by studying the mixed anomalies. In the case of a GUT there is only the SU(5)
mixed anomaly which implies one U(1) must become massive.
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break these symmetries spontaneously. If the singlets develop a large mass then we can
write an effective theory where the singlets are integrated out. In this theory the global
symmetries will therefore only be approximate. For a symmetry to remain a global
symmetry to low energies the GUT singlets that develop a vev must not be charged
under the associated U(1).
The singlets that gain a vev should preferably be chiral, i.e. not form vector-like
pairs. This is achieved by turning on flux along the singlet curves. The reason is that
we expect a vector-like pair to gain a string-scale mass and so for them to develop a vev
requires an FI larger than the string scale. Nonetheless such a setup is not completely
excluded and we do present studies of models with vector-like pairs of singlets but due
to these unattractive properties relegate them to the appendix.
The singlet vevs appear in the low energy effective theory divided by a suppression
scale. The resulting small numbers, which we henceforth denote as ǫis are the expansion
parameters for the FN mechanism. For much of the calculation the absolute value of
the suppression scale is not important since it is only its ratio to the vevs, which we
choose by hand, that affects the low-energy physics. However the suppression scale does
appear explicitly in some other parts of the calculation such as the neutrino masses.
We denote the suppressions scale M∗. In this paper we work in the context of local
models and in that case the candidate suppression scale is the GUT scale
M∗ ≃ 2× 10
16 GeV . (2.9)
Here we use the results of [44] which show that the correct suppression scale should
be the ‘winding’ scale MsV
1/6, where V is the B6 or CY 3-fold volume, and Ms is the
string scale.4 This is combined with the results of [26, 45, 46] which show that this is
also the unification scale for a local model.
3 Phenomenological constraints on 3-curve models
In this section we impose phenomenological constraints on all the possible Froggatt-
Nielsen models arising from a point of E8. We begin be studying constraints that
can be imposed on just the matter curves. In section 3.1 we constrain the possible
monodromy groups and in section 3.2 we impose that the quark Yukawa matrices
should be at most rank 1 at the renormalisable level, i.e. with no insertions of the
singlet vevs. In section 3.3 we impose the constraints coming from baryon and lepton
number violating operators. In section 3.4 we discuss the generation of a µ term
through the Giudice-Masiero mechanism. We then go on to study the constraints on
the models including the singlet vevs. Since there are a large number of such models
the classification is performed using a computer program. In section 3.5 we summarise
the phenomenological constraints coming from quark and neutrino masses and mixings.
Then in section 3.6 we report on the results of the computer search.
4The argument of [44] applies to non-renormalisable operators in the superpotential, it may be
that the supression scale for non-renormalisable operators coming from the Kahler potential differs
from this scale.
8
3.1 Monodromy groups
Since we require the generations to arise from distinct curves we have the following 5
possibilities for the monodromy groups.5
Case 1: G = Z2
This is based on a Z2 monodromy group that interchanges t1 ↔ t2. We have the 10
curves
101 : {t1, t2} , 102 : t3 , 103 : t4 , 104 : t5 , (3.1)
where the curly brackets denote the orbit of the curve. Here, and henceforth, the
matter curve 101 is associated to the top quark generation. We impose already that
the top quark mass matrix should have exactly rank 1 without any singlet insertions.
The other curves are left undetermined with 2 out of the 3 corresponding to the matter
curves. The 5 and singlet matter curves are
5Hu : −t1 − t2 , 11 : ±{t1 − t3, t2 − t3} ,
51 : {−t1 − t3,−t2 − t3} , 12 : ±{t1 − t4, t2 − t4} ,
52 : {−t1 − t4,−t2 − t4} , 13 : ±{t1 − t5, t2 − t5} ,
53 : {−t1 − t5,−t2 − t5} , 14 : ±(t3 − t4) ,
54 : −t3 − t4 , 15 : ±(t3 − t5) ,
55 : −t3 − t5 , 16 : ±(t4 − t5) ,
56 : −t4 − t5 , 17 : {t1 − t2, t2 − t1} . (3.2)
Here we have identified the curve corresponding to the up Higgs. The other 5 matter
curves comprise the Higgs down and 3 matter generations.6
The remaining 10 and 5 curves correspond to exotic fields. We decouple them by
not turning on flux on them so that they form vector pairs and gain a GUT-scale mass.
Case 2: G = Z2 × Z2
This is based on a Z2 × Z2 monodromy group that interchanges t1 ↔ t2 or t3 ↔ t5.
We have the 10 curves
101 : {t1, t2} , 102 : {t3, t5} , 103 : t4 . (3.3)
5Note that we require at least a Z2 monodromy to make a perturbative 51010 coupling.
6The singlet 17 is neutral under the remaining U(1)s and shares an orbit with its conjugate rep-
resentation. We note that giving a string-scale vev to this field has similar effects to the monodromy
group.
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The other matter curves are
5Hu : −t1 − t2 , 11 : ±{t1 − t3, t2 − t3, t1 − t5, t2 − t5} ,
51 : {−t1 − t3,−t2 − t3,−t1 − t5,−t2 − t5} , 12 : ±{t1 − t4, t2 − t4} ,
52 : {−t1 − t4,−t2 − t4} , 13 : ±{t3 − t4, t5 − t4} ,
53 : {−t3 − t4,−t5 − t4} , 14 : {t3 − t5, t5 − t3} ,
54 : −t3 − t5 , 15 : {t1 − t2, t2 − t1} . (3.4)
Case 3: G = Z2
This is based on a Z2 monodromy group that interchanges t1 ↔ t2 and t3 ↔ t5 at the
same time. We have the 10 curves
101 : {t1, t2} , 102 : {t3, t5} , 103 : t4 . (3.5)
The other matter curves are
5Hu : −t1 − t2 , 11 : ±{t1 − t3, t2 − t5} ,
51 : {−t1 − t3,−t2 − t5} , 12 : ±{t1 − t4, t2 − t4} ,
52 : {−t1 − t4,−t2 − t4} , 13 : ±{t1 − t5, t2 − t3} ,
53 : {−t1 − t5,−t2 − t3} , 14 : ±{t3 − t4, t5 − t4} ,
54 : {−t3 − t4,−t5 − t4} , 15 : {t3 − t5, t5 − t3} ,
55 : −t3 − t5 , 16 : {t1 − t2, t2 − t1} . (3.6)
Case 4: G = Z3
This is based on a Z3 monodromy group that interchanges acts as t1 → t2 → t3 → t1.
We have the 10 curves
101 : {t1, t2, t3} , 102 : t4 , 103 : t5 . (3.7)
The remaining 5 and singlet curves are
5Hu : {−t1 − t2,−t1 − t3,−t2 − t3} , 11 : ±{t1 − t4, t2 − t4, t3 − t4} ,
51 : {−t1 − t4,−t2 − t4,−t3 − t4} , 12 : ±{t1 − t5, t2 − t5, t3 − t5} ,
52 : {−t1 − t5,−t2 − t5,−t3 − t5} , 13 : ±(t4 − t5) ,
53 : −t4 − t5 , 14 : ±{t1 − t2, t2 − t3, t3 − t1} . (3.8)
Case 5: G = S3
This is based on a S3 monodromy group that acts with permutations on (t1t2t3). We
have the 10 curves
101 : {t1, t2, t3} , 102 : t4 , 103 : t5 . (3.9)
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The remaining 5 and singlet curves are
5Hu : {−t1 − t2,−t1 − t3,−t2 − t3} , 11 : ±{t1 − t4, t2 − t4, t3 − t4} , (3.10)
51 : {−t1 − t4,−t2 − t4,−t3 − t4} , 12 : ±{t1 − t5, t2 − t5, t3 − t5} ,
52 : {−t1 − t5,−t2 − t5,−t3 − t5} , 13 : ±(t4 − t5) ,
53 : −t4 − t5 , 14 : {t1 − t2, t1 − t3, t2 − t3, t2 − t1, t3 − t1, t3 − t2} .
This concludes the classification of possible monodromy groups compatible with 3
matter curves.
3.2 Rank 1 down Yukawas
We impose on our models that the rank of the renormalisable down-type Yukawa matrix
should be no larger than 1. This is a simple phenomenological requirement to avoid 2
heavy generations. For the different monodromy cases we have the choices of possible
curves for the down Higgs and for generations of the 10s and 5s. We also impose that
for a rank 1 down-type Yukawa, the quark that obtains a large mass is the bottom
quark. This amounts to requiring that the non-vanishing entry is the one with the
same 10 matter curve as that for the up-type Yukawas.
Note that it is possible for the Yukawa matrices to be rank 0 at the renormalisable
level and then generate the Yukawas with singlet insertions. For the up-type Yukawas
this is not such an attractive possibility because of the large top mass but for the
down-type Yukawas it is slightly preferred since for not too large tan β the bottom
Yukawa is suppressed compared to the top one.
In this section we systematically go through the possibilities.
Ruling out Cases 4 and 5
The monodromy cases 4 and 5 act in the same way on the 5s and 10s. Therefore for
the purposes of this section they can be treated on an equal footing. The main problem
with these cases is that there are very few 5 matter curves. Indeed we are forced to
choose the 5Hd to be localised on the same curve as the 5Hu . This implies that a bare
µ term is induced. Apart from this the renormalisable down-type Yukawas are
5¯Hd5¯1103 ,
5¯Hd5¯2102 ,
5¯Hd 5¯3101 . (3.11)
This means that the down-type Yukawa matrix is rank 3. We therefore rule out these
monodromy possibilities since they do not lead to hierarchical quark masses.
Cases 1, 2 and 3
Since there are more curves we can choose which curves have Hd. For case 1 we also
need to choose the 10 curves while for cases 2 and 3 they are fixed. In case 1 we can
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Case 5¯Hd Allowed down-type Yukawas Rank 0 Rank 1 b-quark
1 5¯Hu 5¯Hd 5¯4104 , 5¯Hd5¯5103 , 5¯Hd5¯6102 X X ×
1 5¯1 5¯Hd 5¯2104 , 5¯Hd5¯3103 , 5¯Hd5¯6101 X X X
1 5¯3 5¯Hd 5¯1103 , 5¯Hd5¯2102 , 5¯Hd5¯4101 × X X
1 5¯4 5¯Hd5¯3101 X X X
1 5¯5 5¯Hd5¯2101 X X X
2 5¯Hu 5¯Hd 5¯3102 , 5¯Hd5¯4103 × X ×
2 5¯1 5¯Hd 5¯2102 , 5¯Hd5¯3101 × × X
2 5¯2 5¯Hd 5¯4101 , 5¯Hd5¯1102 × × X
2 5¯3 5¯Hd5¯1101 × X X
2 5¯4 5¯Hd5¯2101 × X X
3 5¯Hu 5¯Hd 5¯4102 , 5¯Hd5¯5103 X X ×
3 5¯1 5¯Hd 5¯2102 , 5¯Hd5¯4101 × X X
3 5¯2 5¯Hd 5¯1102 , 5¯Hd5¯3102 , 5¯Hd5¯5101 × × X
3 5¯3 5¯Hd 5¯2102 , 5¯Hd5¯4101 × X X
3 5¯4 5¯Hd 5¯1101 , 5¯Hd5¯3101 × X X
3 5¯5 5¯Hd5¯2101 × X X
Table 1: Table showing the allowed Yukawa couplings for different monodromy cases
with various choices for the Higgs down curve. The last 3 columns show if the down-
type Yukawa matrix can be of rank 0 and rank 1 for an appropriate choice of 5 matter
curves and if the massive down-type quark is the bottom quark.
take the matter curves to be 101102103. The cases 101102104 and 101103104 are
generated by the reparameterisation symmetries t3 ↔ t5 and t4 ↔ t5. So this choice
fixes these symmetries but note that we are still left with t3 ↔ t4 which we can use to
relate 51 ↔ 52 and 55 ↔ 56. These are the reparameterisation symmetries we use for
case 1.
In table 1 we present the results. The two columns before the last show if for some
choice of matter curves it is possible to make the down-type Yukawa at most rank 0 and
rank 1 respectively. Models that do not satisfy this constraint are ruled out. The last
column shows if the quark that gains a mass is the bottom quark. Three of the models
do not satisfy this. The same models also have the up and down Higgs coming from
the same curve and therefore a bare µ term is not forbidden. We phenomenologically
rule out these models.
For each choice of 5Hd that survives the constraints imposed there is still choice for
the 5 matter curves. The only possibilities compatible with at most rank 1 bottom-
type Yukawa matrix are listed in table 2. There the models are denoted according
to the notation ‘Mono case.5¯Hd .5¯M1.5¯M2.5¯M3’. For example 1.1.2.6.4 corresponds to
monodromy case 1, the Higgs down curve is 5¯1 and the families are 5¯2, 5¯6 and 5¯4. We
now go on to further restrict these models using phenomenological constraints.
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3.3 Constraints from Baryon and Lepton number violation
There are strong phenomenological constraints coming from baryon and lepton number
violating operators in the presence of TeV scale supersymmetry. For a review see [47].
The important operators are
W ⊃ βi5¯
i
M5Hu + λijk5¯
i
M 5¯
j
M10
k
M +W
1
ijkl10
i
M10
j
M10
k
M 5¯
l
M
+W 2ijk10
i
M10
j
M10
k
M 5¯Hd +W
3
ij5¯
i
M 5¯
j
M5Hu5Hu +W
4
i 5¯
i
M 5¯Hd5Hu5Hu ,
K ⊃ K1ijk10
i
M10
j
M5
k
M +K
2
i 5¯Hu5¯Hd10
i
M . (3.12)
Here W denotes terms coming from the superpotential and K from the Kahler poten-
tial. Note that β, λ, W2, W4, W5, K1 and K2 are all R-parity violating.
Proton decay forms one of the strongest constraints. It constrains W 1 by itself and
W 2 and K1 are severely constrained as products with λ. For an order of magnitude
estimate we have that [47, 48]
λijk ≤ 10
−5 ∀ {i, j, k} , λ111 ≤ 10
−12 ,
W 1112l ≤ 10
−7M∗
Mp
∼ 10−10 . (3.13)
Here the indices denote generations with label 1 the lightest. The limit on W 1 is
given for particular generations. However it also limits heavier generations through
quark mixing. Taking the mixing to be compatible with the CKM we find that at
the renormalisable level, i.e. with no singlet insertions, any generation combination is
ruled out.7
The operator W 3 induces neutrino masses but as long as the suppression scale is
larger than 1013 GeV this is acceptable.
The β term is very strongly constrained. In an exact supersymmetric theory, in
the absence of further quantum numbers distinguishing the down Higgs and the lepton
doublets it can be rotated away. However such a general rotation is not always possible
in the F-theory GUT case because there are global symmetries, inherited from the
massive U(1)s, that distinguish between the down Higgs and the leptons. Although
some of these symmetries may be broken by the singlet vevs some of them may survive
to low energies. Anyway such a rotation can not get rid of both the superpotential β
terms and the corresponding soft terms simultaneously unless they are nearly exactly
correlated. Even then trilinear R-parity violating terms λ are induced which must be
suppressed so that β should be at most of order the µ-term scale [47]. The presence of
the β terms, even if they are suppressed to the µ-term scale, generates large masses for
the neutrinos. Indeed they should be suppressed at around β ≤ 10−22M∗ to maintain
lighter than eV neutrino masses.
If all the curves meet at a single point of E8 we expect that any gauge invariant
operators should be of order 1 up to the mass dimension suppression by the GUT scale.
If the curves are spread throughout S then there may be some geometric suppression
7The case where the three quarks are all of the heaviest generation is marginal but anyway such
an operator is not compatible with the U(1) gauge symmetries.
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factors. Since we are looking at the former possibility we should certainly forbid the
possible constrained combinations. In table 2 we display the presence or absence of
each term at the renormalisable level, i.e. with no insertions of the singlets. Only 5
models survive the constraints with no extra symmetries and a further 8, denoted in
brackets, are allowed if we impose R-parity by hand
1.1.6.2.4 , (1.1.2.4.5)
1.1.6.4.5 , (1.4.1.2.5)
1.3.4.5.6 , (1.4.1.2.6)
1.5.2.1.4 , (1.4.1.5.6)
1.5.2.4.6 , (1.4.2.5.6)
(1.1.6.2.5) , (1.5.1.4.6)
(1.5.2.1.6) . (3.14)
Here the models are denoted by Mono case.5¯Hd.5¯M1.5¯M2.5¯M3.
Since we are also giving a vev to some of the singlets we should make sure that the
operators are forbidden to the required order even after singlet insertions. For the case
of the β and µ terms this practically means forbidden at all orders.
3.4 The µ term
Since we are forbidding a µ term in the superpotential we should generate it through
the Giudice-Masiero mechanism [49]. This amounts to requiring a coupling in the
Kahler potential8
Y †5Hu5¯Hd , (3.15)
where Y develops an F-term and also possibly a vev
Y = y + θ2FY . (3.16)
The field Y can be a GUT singlet that is from a curve intersecting the point of E8, i.e.
an X field. However it could also be a GUT singlet that is localised on a curve which
does not intersect the point of E8. If this curve forms a triple intersection with the
curves associated to 5Hu and 5¯Hd the operator (3.15) would be induced. This possibility
is important for the model we present in section 4 where there are no candidate singlets
to form the coupling (3.15) that could develop an F-term. Note that in this setup the
coupling of Y to fields other than 5Hu and 5¯Hd would be geometrically suppressed.
3.5 Constraints from quark and neutrino masses and mixing
Recreating the masses and mixing of the SM fields is the primary reason for adopting
the Froggatt-Nielsen approach. In the quark sector the masses and mixing are de-
8It is interesting to note that if the renormalisable Yukawa couplings 5Hu10i10j and 5¯Hd10k5¯l
are allowed by the symmetries then the proton decay operator 10i10j10k5¯l has the opposite charge
to 5Hu 5¯Hd so that a Giudice-Masiero coupling in the Kahler potential implies a coupling of the type
Y 10i10j10k5¯l in the superpotential. Since the Yukawas are only non-vanishing at the renormalisable
level for the heaviest generations this only puts mild restrictions on the vev y.
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Model β λ W 1 W 2 W 3 W 4 K1 K2
Rank 0 models
1.1.2.4.5 X X
1.4.1.2.5 X X
1.4.1.2.6 X X
1.4.1.5.6 X X
1.4.2.5.6 X X
1.5.1.3.4 X X X
1.5.1.3.6 X X X
1.5.1.4.6 X X
1.5.3.4.6 X X X
Rank 1 models
1.1.6.2.4 X
1.1.6.2.5 X X
1.1.6.4.5 X
1.3.4.5.6 X X
1.4.3.1.2 X X X
1.4.3.1.5 X X X
1.4.3.1.6 X X X
1.4.3.5.6 X X
1.5.2.1.3 X X X
1.5.2.1.4 X
1.5.2.1.6 X X
1.5.2.3.4 X X X
1.5.2.3.6 X X X
1.5.2.4.6 X
2.3.1.2.4 X X X
2.4.2.1.3 X X X
3.1.4.3.5 X X X X
3.3.4.1.5 X X X X
3.4.1.2.5 X X X X
3.4.3.2.5 X X X X
3.5.2.1.3 X X X X
3.5.2.1.4 X X X X
3.5.2.3.4 X X X X
Table 2: Table showing the presence or absence (by X and blank space respectively)
of lepton and baryon-number violating operators. The models are denoted by the
notation ‘Mono case.5¯Hd.5¯M1.5¯M2.5¯M3’
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termined by the Yukawa couplings. These essentially need to recreate a hierarchical
structure in the quark masses and small mixing angles between the quarks. The masses
should roughly fit the GUT values (see for example [43])9
mu ∼ 5× 10
−7 TeV , mc ∼ 2× 10
−4 TeV , mt ∼ 0.1 TeV ,
md ∼ 5× 10
−7 TeV , ms ∼ 10
−5 TeV , mb ∼ 6× 10
−4 TeV . (3.17)
The mixing in the quark sector should match the Cabibbo-Kobayashi-Maskawa (CKM)
matrix [51]
VCKM =

 Vud Vus VubVcd Vcs Vcb
Vtd Vts Vtb

 ∼

 1 0.2 0.0040.2 1 0.04
0.009 0.04 1

 (3.18)
For a review of the relevant neutrino physics see [50]. The neutrino sector data is
given by the mass splitting [51]
∆m212 ∼ 10
−4 eV2 , ∆m223 ∼ 10
−3 eV2 . (3.19)
The mixing in the neutrino sector is given by the Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) matrix which for our level of accuracy reads10
UPMNS =

 Ue3 Uµ3 Uτ3Ue2 Uµ2 Uτ2
Ue1 Uµ1 Uτ1

 ∼

 1 1 11 1 1
(< 0.2) 1 1

 (3.20)
We note that atmospheric neutrino oscillations require νµ → ντ while solar neutrino
oscillations require νe → νµ or/and νe → ντ .
The model building in the neutrino sector is done by specifying 3 different curves
each of which carries a right-handed neutrino. We then use two mechanisms to give
masses to the neutrinos. The first is the traditional seesaw mechanism and the second
is the Dirac mass scenario proposed in [17, 52]. The relevant mass contributions come
from the terms ∫
d2θ (DWHuLN +MNN) +
∫
d4θ
DK (Hd)
† L N
M∗
=
∫
d2θ
(
vDWLN +MNN +
µ
M∗
vDKLN
)
. (3.21)
Here Hu and Hd denote the up and down Higgs superfields , L denote the left-handed
leptons, and N denote the right-handed neutrino superfields. Following the equality
we replaced Hd by its F-term FHd = µHu assuming that a µ term is generated via the
Giudice-Masiero mechanism, and replaced Hu by its vev < Hu >= v. The relevant
mass matrices are therefore the superpotential Dirac mass matrix DW , the Majorana
mass matrix M and the Kahler potential Dirac mass matrix DK .
9These are quoted for tan β = 50.
10Note that our conventions for diplaying the matrix differ from the standard literature. The
standard notation can be reached from (3.20) by transposing and interchanging the labels for the
right-handed neutrino index 1↔ 3.
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3.6 Results of models scan
The scan over all the possible choices for matter and singlet curves was performed using
a computer program. In this section we report on the results.
A particular model is built as follows. We begin from a specification of the 10 and
5 matter curves that satisfy the constraints of the previous sections. A list of these is
given in (3.14). For each of these choices we scan over the options of turning on a vev
for some (up to 4) of the remaining singlet curves. For each such model we calculate the
resulting interactions, including singlet insertions, as allowed by the quantum numbers.
We then eliminate models according to phenomenological constraints on the quark
sector. For each of the models that survive we scan over the possible choices of 3
singlet curves on which the right-handed neutrinos are localised.
We impose the following constraints
1. The up and down quark Yukawa matrices are rank 1 without any singlet inser-
tions.
2. The up and down quark Yukawa matrices are rank 3 with singlet insertions.
3. The µ term is forbidden with any number of singlet insertions.
4. The operator W1 is forbidden if it only involves the 2 lighter generations and no
more than 3 singlet insertions.
5. There are no vector pairs of fields.
Condition 4 is imposed from proton decay constraints, see section 3.3. Condition 5 is
imposed since, according to our rules of allowing all operators allowed by symmetries,
vector pairs of fields gain a UV scale mass. See section 2.3 for more regarding this
issue. However for the case of the Froggatt-Nielsen singlets, since we take the vevs
as input parameters, this constraint is not completely compulsory. Therefore we do
perform a scan over models where the Froggatt-Nielsen singlets can come in vector
pairs but treat the results in appendix B.
We have not imposed that the operators β and λ should vanish with singlet inser-
tions. As discussed in section 3.3 this is required. However we found that there are
no models that satisfy the conditions above and have the β and λ terms vanishing.
This is true for any number of singlets with a vev. Therefore we conclude that in the
absence of any further symmetries or mechanisms to suppress terms there
are no phenomenologically viable Froggatt-Nielsen models.
This forces to impose a symmetry and the ideal candidate is R-parity (matter-
parity). This forbids the problematic terms β and λ. Actually we shall see that the
only viable models already have λ vanishing and so really we only require that β is
suppressed.
Once we impose R-parity we find some phenomenologically viable models for the
quark sector. These are all shown in appendix A. There are only six such models, three
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2-field models and three 3-field models11, and in the appendix we show that four of
them give too large quark mixing to be compatible with CKM constraints. This leaves
only two viable models for the quark sector.
Having fixed the quark sector we turn to the neutrino sector. We take the RHN
neutrinos to come from singlet matter curves. For more details see section 3.5. For the
model scan we impose the following constraint
• There are 3 light neutrinos or 2 light neutrinos and 1 massless one.
This leaves a small number of models that are shown in the appendix. We find that 1
of the 2 viable quark sectors is consequently ruled out for not having a viable neutrino
sector. This leaves a unique quark sector. This quark scenario has 6 possible neutrino
scenarios. 5 are 2-field models and there is 1 3-field model. However if also impose
that
• There is some mixing between all 3 generations of neutrinos,
so that no neutrino flavour decouples from the other 2 as required by the combination of
atmospheric and solar neutrino oscillations. We are left with only 3 possible scenarios.
2 of these are discussed in detail in appendix A.1.2 where it is argued that they either
have too small mixing or too light neutrino to match observations. However we note
that they are not far off being phenomenologically relevant. Ruling them out leaves a
unique candidate model which is shown in table 3.
We note that, as shown in appendix B, if we allow for the Froggatt-Nielsen fields
to come in vector pairs then there are more candidate models and in particular a
phenomenologically attractive model is studied in appendix B.3.1.
4 A candidate model
In this section we study the unique model that survives the phenomenological con-
straints imposed in the models scan. The model is shown in table 3. We split the
phenomenological analysis into the quark sector and the neutrino sector that are stud-
ied in sections 4.1 and 4.2 respectively.
It is useful to note a symmetry of the model that can be used to easily see the
vanishing of many operators in table 3. This symmetry is associated to the weight t5
and follows from the fact that only the right-handed neutrino curves and Hd contain
a factor of t5. In particular the singlets that develop a vev do not break this global
symmetry that is inherited from a massive U(1) which means it remains a good sym-
metry to low energies.12 This means, for example, that there is no µ term generated to
any order since the operator µHuHd contains a factor of t5 which can not be canceled
by any singlet insertions. Similar considerations forbid the W 1 and λ terms. This
11Here we denote a model where n of the singlets have a vev an n-field model. Note also that there
are four 3-field models in the appendix but one has an identical quark sector to the 2-field model.
12Although 3 singlets develop a vev they only break 2 linearly independent U(1) combinations.
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Field Curve Charges/Orbit
Chiral spectrum
5Hu 5Hu −t1 − t2
5¯Hd 5¯5 t3 + t5
10t 101 {t1, t2}
10c 103 t4
10u 102 t3
5¯b 5¯2 {t1 + t4, t2 + t4}
5¯s 5¯1 {t1 + t3, t2 + t3}
5¯d 5¯4 t3 + t4
N1 1¯6 −t4 + t5
N2 1¯5 −t3 + t5
N3 1¯3 {−t1 + t5,−t2 + t5}
X1 1¯4 −t3 + t4
X2 12 {t1 − t4, t2 − t4}
X3 1¯1 {−t1 + t3,−t2 + t3}
Non-Chiral spectrum
- 104 t5
- 53 {−t1 − t5,−t2 − t5}
- 56 −t4 − t5
- 17 t1 − t2
Chiral interactions
5Hu10i10j

 ǫ
2
2ǫ
2
4¯ ǫ
2
2ǫ4¯ ǫ2ǫ4¯
ǫ22ǫ4¯ ǫ
2
2 ǫ2
ǫ2ǫ4¯ ǫ2 1


5¯Hd5¯i10j

 ǫ
2
2ǫ
2
4¯ ǫ2ǫ
2
4¯ ǫ2ǫ4¯
ǫ22ǫ4¯ ǫ2ǫ4¯ ǫ2
ǫ2ǫ4¯ ǫ4¯ 1


K ⊃ 5Hd 5¯iNj

 ǫ2 1 ǫ1¯ǫ2ǫ1¯ǫ2 ǫ1¯ ǫ1¯ǫ1¯ǫ2
1 ǫ1¯ǫ4¯ ǫ1¯


β5Hu5¯i (ǫ4¯ǫ
2
2, ǫ4¯ǫ2, ǫ2)
5Hu 5¯iNj 0
MNiNj 0
5¯i5¯j10k 0
10i10j10k5¯l 0
µ5Hu5¯Hd 0
Table 3: Tables showing the spectrum and mass operators of a model that satisfies the
imposed phenomenological constraints. Here ǫ4¯ =
<X1>
M∗
, ǫ2 =
<X2>
M∗
and ǫ1¯ =
<X3>
M∗
.
The indices (i, j) label columns and rows respectively and range over {u, c, t}, {d, s, b}
for the quarks and leptons and {3, 2, 1} for the right-handed neutrinos (with 1 denoting
the heaviest). The monodromy group is the Z2 of case 1. The vanishing operators can
all be attributed to a factor of t5. Note that we are forced to impose R-parity by hand
to forbid a β-term.
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symmetry means that, as claimed, we only need to forbid the β term by hand rather
than using the full power of R-parity.13
There is another point worth noting. From table 3 it is easy to see that it is not
possible to generate a Giudice-Masiero operator Y †5Hu5¯Hd from any of the singlets.
This implies that the relevant field Y should come from a curve that does not intersect
the point of E8. Hence this whole sector is decoupled from our calculation. In appendix
A.1.2 we present 2 models that can avoid this issue but are phenomenologically less
attractive as models of neutrino masses and mixing. In appendix B.3.1 we present a
model that avoid this issue and is phenomenologically attractive but contains a vector
pair of Froggatt-Nielsen fields.
Finally we note that from the pure singlet superpotential interaction X1X2X3 all
the singlets gain a large mass and can effectively by integrated out at low energies. In
appendix C we present a brief vacuum analysis of this model. This serves to highlight
some tension between the singlet vevs and supersymmetry. Of course the analysis is
incomplete since the vacuum is really a global issue that does not decouple from moduli
stabilisation.
4.1 The quark sector
The quark sector Yukawa couplings depend on the vevs ǫ2 and ǫ4¯ which should be
chosen to match observations. Going from the Yukawa matrices to the observable
quark masses and mixing is, for a generic Yukawa matrix, non-trivial. However for an
approximately diagonal Yukawa matrix it is possible to use the formula for the mixing
parameters in the CKM matrix [53]
s12 ≃
Y12
Y22
, s13 ≃
Y13
Y33
, s23 ≃
Y23
Y33
, (4.1)
where the corresponding angles in the CKM matrix are given by sCKMij ≃ s
D
ij − s
U
ij. As
long as these are small the approximation is valid. We then choose the vevs to match
the Wolfenstein parameterisation of the mixing angles
s12 = λ , s23 ≃ λ
2 , s13 ≃ λ
3 , (4.2)
where the Wolfenstein parameter is the Cabbibo angle λ ≃ 0.2. These imply the vevs
ǫ2 = λ
2 , ǫ4¯ = λ .
The resulting Yukawa and CKM matrices read
Y U ≃

 λ
6 λ5 λ3
λ5 λ4 λ2
λ3 λ2 1

 , Y D ≃

 λ
6 λ4 λ3
λ5 λ3 λ2
λ3 λ 1

 , VCKM ≃

 1 λ λ
3
λ 1 λ2
λ3 λ2 1

 .
(4.3)
13Note that under this global symmetry the down Higgs and the leptons have different quantum
numbers so that it is not possible to rotate them. In particular it means that it is not possible to
rotate the β term away.
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We go on to analyse the phenomenology of this setup. But first we note a point that
arises again in the upcoming sections. The matrices (4.3) all have order one factors in
front of each element and we simply denote their scaling with the singlet vevs. These
factors arise from the geometry of the different curves and for higher order operators
from integrating out heavy states. In the absence of symmetries the factors of the
different elements are unrelated. Now the form of (4.3) is such that neglecting these
order one factors the determinant of the matrix vanishes. However since there are no
symmetries that constrain these factors we do not expect the determinant to vanish
once they are included.14
The resulting CKM matrix matches observations very well since it recreates the
Wolfenstein form exactly. Note that we have chosen 2 parameters and fit the 6 elements
of the CKM.
Since the Yukawas are approximately diagonal the quark masses can be read off the
diagonal and take the ratios
Up quarks λ6 : λ4 : 1 , (4.4)
Down quarks λ6 : λ3 : 1 . (4.5)
These clearly have the required hierarchical structure. If we take the prefactors to be
exactly 1 the quark masses normalised to the top and bottom quarks are
mu ∼ 6× 10
−6 TeV , mc ∼ 2× 10
−4 TeV , mt ∼ 0.1 TeV ,
md ∼ 4× 10
−8 TeV , ms ∼ 5× 10
−6 TeV , mb ∼ 6× 10
−4 TeV . (4.6)
The masses are fairly consistent with the experimental values quoted in (3.17). Note
that our methodology of fixing the singlet vevs is not really a best fit analysis to the
quark masses and mixing but for the needs of this paper it is sufficient.
4.2 The neutrinos sector
The lepton sector phenomenology is determined by the down-type Yukawas Y D and the
Dirac masses from the Kahler potential DK . In this model there are no superpotential
Dirac masses and there are no Majorana masses. The neutrinos are Dirac. The vevs
for ǫ2 and ǫ4¯ are fixed from the quark sector. This leaves the vev ǫ1¯ as a free parameter
for the neutrino sector. The mass matrix in table 3 has two eigenvalues of order 1 and
one eigenvalue of order λ2ǫ21¯. Taking the down-Higgs vev at 200GeV and the µ term
to be 1TeV the vev ǫ1¯ ≃ 0.1 gives the not unreasonable neutrino masses
mν1 ≃ mν2 ≃ 10
−2 eV,
mν3 ≃ 4× 10
−6 eV . (4.7)
Determining the PMNS matrix for the Yukawas is non-trivial since the Dirac mass
matrix for the neutrinos is not approximately diagonal. Indeed it leads to an essentially
14Candidate symmetries are the permutation symmetries acting on the tis. These however are
broken by the choice of matter curves and singlets with vevs.
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anarchic PMNS matrix. For example choosing the order 1 coefficients randomly in the
range 0.8-1.2 gives the PMNS matrix15
UPMNS ≃

 −0.05 −0.49 −0.910.94 0.30 −0.14
−0.11 0.91 −0.35

 (4.8)
The coefficients vary considerably upon varying the random numbers (typical range is
between 0.01-1). However there is no special feature that suppresses the Ue3 term and,
in the absence of further symmetries, its smallness is not explained.
In summary we find that this model forms a decent fit to all the relevant observa-
tions.
5 No-go for doublet-triplet splitting and 3-curve
models
The models we have studied are based on a single point of E8 symmetry. In this section
we discuss some results that apply once we consider the whole of SGUT but not the full
CY 4-fold. In doing this we restrict to particular models, by imposing some properties
on SGUT , but are able to make statements about mechanisms that the point approach
is not sensitive to. In particular we show that in the ‘semi-local’ approach where we can
decouple SGUT from the bulk the mechanism of double-triplet splitting on the
Higgs curves by hypercharge flux [3,4] can not be applied to models where
the generations come from 3 different curves unless the monodromy group
is trivial. The result is an extension of that presented in [24]. The basic overview of
our result is that, for 3-curve models, it is not possible to have a net hypercharge flux
on any 5 matter curves without the flux also restricting non-trivially to one of the SM
10 curves. Since the hypercharge flux breaks the GUT structure having a non-trivial
restriction to a SM 10 matter curve is forbidden. In section 5.1 we derive the claimed
result and in section 5.2 we briefly discuss its implications for our models.
5.1 The no-go result
In this section we use extensively the results and formalism of [16, 24]. We refer the
reader to these references for the introduction of the relevant concepts and definitions.
We begin by studying how the hypercharge flux restricts to the 10 matter curves
inside SGUT . In order to account for the monodromy properties of the 10 matter
curves we need to introduce the spectral cover. More precisely we need to introduce
the spectral cover for the fundamental representations of SU(5)⊥. The spectral cover
is a hypersurface inside the projective 3-fold
X = P(OSGUT ⊕KSGUT ) , (5.1)
15The actual values for {11, 12, 13, 21, 22, 23, 31, 32, 33} are {1.20, 1.03, 0.85, 0.83, 0.85, 1.16, 1.18, 1.05, 0.80}.
22
given by the constraint
C10 = b0U
5 + b2V
2U3 + b3V
3U2 + b4V
4U + b5V
5 = 0 . (5.2)
Here OSGUT and KSGUT are the trivial and canonical bundle on SGUT respectively and
{U, V } are homogeneous complex coordinates on the P1 fibre in X . The bi are the same
as in (2.3) and are given by the elementary symmetric polynomials of degree i in the
ti. The idea is that locally we can set some affine parameter s = U/V in which (5.2) is
a polynomial whose 5 roots are exactly the ti. Indeed s can be equated with the value
of the Higgs field and overall (5.2) forms a 5-fold cover of SGUT . The monodromy of
the Higgs or the ti is encoded in the global properties of (5.2) and more specifically
in how the polynomial decomposes into products. We can think of all the 10 curves
as lifting to a single curve on the spectral cover which then decomposes into parts
according to the decomposition of the spectral cover. Indeed this curve is determined
by the equation U = 0 which gives
b5 = t1t2t3t4t5 = 0 , (5.3)
which reproduces the equations for the five 10 matter curves.
Now consider the case where the spectral cover decomposes into 4 separate pieces
so that it takes the form
C10 =
(
a1V
2 + a2V U + a3U
2
)
(a4V + a7U) (a5V + a8U) (a6V + a9U) = 0 . (5.4)
Here the aI are some as yet undetermined coefficients. This decomposition corresponds
to a Z2 monodromy group that by choice of parameterisation we shall take to act as
t1 ↔ t2. So that the 10 curves t1 and t2 both lift to a curve on a single factor of the
spectral cover given by the first brackets in (5.4). Now we can write the bi in terms of
the aI as
b0 = a3789 ,
b1 = a2789 + a3678 + a3579 + a3489 ,
b2 = a1789 + a2678 + a2579 + a2489 + a3567 + a3468 + a3459 ,
b3 = a3456 + a1678 + a1579 + a1489 + a2567 + a2468 + a2459 ,
b4 = a2456 + a1567 + a1468 + a1459 ,
b5 = a1456 . (5.5)
Here we use the notation aIJKL = aIaJaKaL.
We are interested in determining the curves aI = 0 on SGUT . This can be done
as follows. The bi transform as sections of the bundle η − ic1 [16, 24]. Here c1 is the
first Chern class of the tangent bundle of SGUT and η = 6c1− t with −t being the first
Chern class of the normal bundle to SGUT . Using (5.5) this then implies that the aI
transform as shown in table 4.
With these specifications we can study how the hypercharge flux restricts to the 10
matter curves. First we recall that, in order to avoid inducing a Green-Schwarz mass,
the hypercharge flux is given by the first Chern class of a line bundle for which the
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Section c1(Bundle)
a1 η − 2c1 − (χ7 + χ8 + χ9)
a2 η − c1 − (χ7 + χ8 + χ9)
a3 η − (χ7 + χ8 + χ9)
a4 −c1 + χ7
a5 −c1 + χ8
a6 −c1 + χ9
a7 χ7
a8 χ8
a9 χ9
Table 4: Table showing the first Chern classes of the line bundles that the aI are
sections of. The forms χ{7,8,9} are unspecified.
dual 2-cycle on SGUT is in the kernel of the map H
2(S) → H2(B3) [3, 4, 54]. In other
words the hypercharge flux is on a 2-cycle that is non-trivial on SGUT but trivial in the
full CY. In particular this implies
FY · c1 = FY · (−t) = 0 . (5.6)
Here FY denotes the hypercharge flux and · the intersection. This follows from the
fact that c1 and −t both correspond to 2-cycles that are non-trivial in B3 [16, 24].
Therefore the hypercharge flux restricts trivially to these curves. Indeed in table 4 the
only possible classes that the hypercharge could restrict non-trivially to are the χi.
Now consider the 10 matter curves. These are given by b5 = a1a4a5a6 = 0. In
terms of (3.1) the SM matter curves 101, 102 and 103 are given by a1 = 0, a4 = 0 and
a5 = 0 respectively. If we require that the hypercharge must restrict trivially to these
then we have
FY · (χ7 + χ8 + χ9) = 0 , FY · χ7 = 0 , FY · χ8 = 0 . (5.7)
These imply that the hypercharge must also restrict trivially to 104. Therefore we
conclude that for this case it is not possible for the hypercharge to restrict non-trivially
to any 10 matter curves. Indeed for a 3-curve model only a trivial monodromy group
would allow a non-trivial restriction of hypercharge flux to some 10 matter curves while
restricting trivially to the SM 10 curves. Once this is established we can use the no-go
theorem of [24] which states that if there is trivial hypercharge restriction to all the 10
matter curves there can not be any non-trivial restriction to the 5 matter curves. This
in turn implies that we can not use the hypercharge flux to split the doublets and the
triplets of the Higgs curves.
5.2 Implications for the models
The fact that for any 3-curve model with non-trivial monodromy group the hypercharge
flux can not be used for doublet-triplet splitting is disappointing. Within the ‘semi-
local’ framework with SGUT being a contractible cycle and decoupling from the bulk
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there are no particularly attractive alternatives to the hypercharge flux for the job of
doublet-triplet splitting. In order to accommodate this we could try to relax some
of the phenomenological constraints we have imposed on our models. One possibility,
suggested in [24], is to take the Higgs up and Higgs down to come from the same curve.
This of course induces a µ-term problem which seems very difficult to avoid. In our
setup there is also a further problem. Performing a computer search over such models
we find that either the up-type Yukawa or the down-type Yukawa matrix is at most
rank 1 with any number of singlet insertions. This can be understood from the fact
that, when 5Hu = 5Hd the gauge invariance of one type of Yukawa implies the other
type is not gauge invariant.16
Another possibility is to take the monodromy group trivial. This would imply
that the renormalisable top Yukawa coupling vanishes but we can hope to recover it
with a singlet insertion. This is phenomenologically less attractive since it would be
suppressed. Indeed it must be suppressed by at least 2 different singlets which is a
large suppression.17 Anyway, performing a computer scan we find that there are no
rank 3 Yukawa matrices generated with such a mechanism.
A different approach is to embed the point of E8 inside some global model where
SGUT is not decoupled from the bulk. In this case all the possibilities are open again
to solve the doublet-triplet problem and to break the GUT group. We refer to [4] for
some suggestions.
Finally we note that, as suggested in [3], it may be possible that the hypercharge
vanishes when integrated over the 5 curve but still restricts to it non-trivially pointwise.
This could lead to some mass splitting in analogue with the Aharonov-Bohm effect.
6 Summary
In this paper we studied the possibility of generating realistic flavour structure by
applying the Froggatt-Nielsen mechanism to F-theory SU(5) GUT models based on
a point of enhanced E8 gauge symmetry. The 3 generations of the SM came from
3 different curves so that each generation had different quantum numbers under the
enhanced gauge group which played the role of the Froggatt-Nielsen global symmetry
group. The Froggatt-Nielsen fields were taken to come from singlet curves that intersect
the E8 point but are not charged under the GUT SU(5). All the field interactions were
taken to be ‘natural’ in that if an interaction is allowed by gauge symmetries it appears
in the Lagrangian with the appropriate suppression scale.
We scanned through all possible configurations of this setup and imposed phe-
nomenological constraints on the resulting interactions. We found that only a handful
of models satisfied even crude constraints. Imposing slightly finer constraints such as
16This is certainly true at the renormalisable level with no singlet insertions. But it seems to still
hold even with singlet insertions.
17This is because for a trivial monodromy group only off-diagonal terms can be induced at the
renormalisable level in the up-type Yukawa matrix. Therefore we require that it is rank 0 otherwise
we would get large quark mixing. This implies that the top Yukawa should be of the form t1+t2−t4−t5
which requires at least 2 different singlet insertions to be gauge invariant.
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hierarchical quark masses with small mixing and 3 light neutrinos with large mixing
left only a unique possibility. This model was found to fit observations quite well.18
We found that generically realistic models suffered from two serious problems. The
first being operators of the form β5Hu5¯M not being suppressed. This could be solved by
imposing R-parity. The second being the lack of a simple mechanism for doublet-triplet
splitting. Indeed we showed that for any 3-curve model the doublet-triplet splitting by
hypercharge flux mechanism of [3, 4] can not be used.
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A Semi-viable models
In this appendix we go through some of the models that do not fail the ‘first-order’
phenomenological constraints but do fail more refined criteria. We split the appendix
according to the number of vevs that are turned on. We display all the models that
satisfy the constraints 1-5 of section 3.6. The models are all labeled according to
the appropriate curves. A negative value for a curve number means the conjugate
representation. We display the relevant matrices according to
Y =

 53N3 52N3 51N353N2 52N2 51N2
53N1 52N1 51N1

 . (A.1)
Here Ni stand either for right-handed neutrinos or for 10 matter curves as appropriate.
The appropriate vevs are denoted by ǫi where again the index is negative for the vev
of the conjugate field (in table 3 this is denoted as ǫ¯i).
We split the analysis into models where two or three of the singlets develop a vev.
There are no 1-field or 4-field models that forbid µ term and W1 term and have rank
3 up and down Yukawas.
18Allowing for vector-like pairs of Froggatt-Nielsen fields lead to further phenomenologically attrac-
tive models which are studied in appendix B.
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A.1 2-field models
A.1.1 Quark sector
In this section models are labeled as
Mono case.5¯Hd.5¯M1.5¯M2.5¯M3.1S1.1S2 . (A.2)
The possible models are:
Model 1.5.2.1.4.− 4.2 : Y U =


ǫ2ǫ2 ǫ2ǫ2ǫ−4 ǫ2
ǫ2ǫ2ǫ−4 ǫ2ǫ2ǫ−4ǫ−4 ǫ2ǫ−4
ǫ2 ǫ2ǫ−4 1

 , Y D =


ǫ2ǫ2ǫ−4 ǫ2ǫ−4 ǫ2
ǫ2ǫ2ǫ−4ǫ−4 ǫ2ǫ−4ǫ−4 ǫ2ǫ−4
ǫ2ǫ−4 ǫ−4 1

 .
(A.3)
Model 1.5.2.1.4.1.2 : Y U =


ǫ2ǫ2 ǫ1ǫ2 ǫ2
ǫ1ǫ2 ǫ1ǫ1 ǫ1
ǫ2 ǫ1 1

 , Y D =


ǫ1ǫ2 ǫ1 ǫ2
ǫ1ǫ1 0 ǫ1
ǫ1 0 1

 . (A.4)
Model 1.5.2.1.4.1.4 : Y U =


ǫ1ǫ1ǫ4ǫ4 ǫ1ǫ1ǫ4 ǫ1ǫ4
ǫ1ǫ1ǫ4 ǫ1ǫ1 ǫ1
ǫ1ǫ4 ǫ1 1

 , Y D =


ǫ1ǫ1ǫ4 ǫ1 ǫ1ǫ4
ǫ1ǫ1 0 ǫ1
ǫ1 0 1

 . (A.5)
We can rule out the last two models 1.5.2.1.4.1.2 and 1.5.2.1.4.1.4. First they do
not give rise to a viable neutrino sector (see next section). Secondly they give rise to
large quark mixing. This can be seen as follows. Consider 1.5.2.1.4.1.2 for example.
We interchange 52 ↔ 53. This puts the matrix in roughly diagonal form and so the
resulting CKM can be read off using the techniques of [53]. Since the off-diagonal angles
are small we recover a roughly diagonal CKM matrix. However since we interchanged
the down and strange quarks the large mixing is now between the charm and down
quarks and up and strange quarks.
Therefore there is a unique 2-field model that can recreate realistic physics in the
quark sector. The model still has freedom within the neutrino sector which we now
turn to.
A.1.2 Neutrino sector
In this section we label the models according to
Mono case.5¯Hd .5¯M1.5¯M2.5¯M3.1S1.1S2.1RHN1.1RHN2.1RHN3 . (A.6)
Model 1.5.2.1.4.2.− 4.− 6.− 5.− 3. K =


ǫ2 1 0
0 0 0
1 0 0

 , (A.7)
W =


0 0 0
0 0 0
0 0 0

 , M =


0 0 0
0 0 0
0 0 0

 . (A.8)
Model 1.5.2.1.4.2.− 4.− 6.− 5.− 1. K =


0 0 0
0 0 0
1 0 0

 , (A.9)
W =


0 ǫ2ǫ2ǫ−4ǫ−4 ǫ2ǫ2ǫ−4
0 0 0
0 0 0

 , M =


ǫ2ǫ2ǫ−4ǫ−4 0 0
0 0 0
0 0 0

 . (A.10)
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Model 1.5.2.1.4.2.− 4.− 6.− 3.− 1. K =


0 0 0
ǫ2 1 0
1 0 0

 , (A.11)
W =


0 ǫ2ǫ2ǫ−4ǫ−4 ǫ2ǫ2ǫ−4
0 0 0
0 0 0

 , M =


ǫ2ǫ2ǫ−4ǫ−4 0 0
0 0 0
0 0 0

 . (A.12)
Model 1.5.2.1.4.2.− 4.− 6.− 1.3. K =


0 0 0
0 0 0
1 0 0

 , (A.13)
W =


0 0 0
0 ǫ2ǫ2ǫ−4ǫ−4 ǫ2ǫ2ǫ−4
0 0 0

 , M =


0 0 0
0 ǫ2ǫ2ǫ−4ǫ−4 0
0 0 0

 . (A.14)
Model 1.5.2.1.4.2.− 4.− 5.− 3.− 1. K =


0 0 0
ǫ2 1 0
0 0 0

 , (A.15)
W =


0 ǫ2ǫ2ǫ−4ǫ−4 ǫ2ǫ2ǫ−4
0 0 0
0 0 0

 , M =


ǫ2ǫ2ǫ−4ǫ−4 0 0
0 0 0
0 0 0

 . (A.16)
All these models can recreate semi-realistic masses for the neutrinos. However
if we impose more refined constraints we can rule more of them out. In the model
1.5.2.1.4.2. − 4. − 6. − 5. − 3 the ντ completely decouples from the other 2 which is
inconsistent with atmospheric neutrino oscillations. While in the models 1.5.2.1.4.2.−
4. − 6. − 5. − 1 and 1.5.2.1.4.2. − 4. − 6. − 1.3 the νe completely decouples which is
inconsistent with solar neutrino oscillations. This leaves only the models 1.5.2.1.4.2.−
4.− 6.− 3.− 1 and 1.5.2.1.4.2.− 4.− 5.− 3.− 1.
We turn to studying the two remaining possibilities. Consider the model 1.5.2.1.4.2.−
4.− 6.− 3.− 1. The Lagrangian interactions read
L ⊃ vǫ22ǫ−4 (νµ + ǫ4¯ντ )N3 +M∗ǫ
2
2ǫ
2
4¯N3N3 +
vµ
M∗
(ǫ2νeN2 + νµN2 + νeN1) . (A.17)
We can integrate out the heavy N3 to get
L ⊃
v2
M∗
ǫ22 (νµ + ǫ4¯ντ )
2 +
vµ
M∗
(ǫ2νeN2 + νµN2 + νeN1) . (A.18)
Writing out the mass matrix we can determine the eigenstates. Putting in the values
for ǫ4¯ and ǫ2, setting µ = v and taking factors of order 1 as exactly 1 we get the
eigenvectors


νe
νµ
ντ
N2
N1

 =


0.5
0.5
10−4
0.5
0.5

 ,


0.5
0.5
−10−4
−0.5
−0.5

 ,


0.5
−0.5
−10−4
−0.5
0.5

 ,


−0.5
0.5
−10−4
−0.5
0.5

 ,


10−10
10−8
−1
10−4
10−5

 ,
(A.19)
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with respective eigenvalues, in units of v2/M∗ ∼ 10
−3eV, (1,−1, 1,−1, 10−5). The
scenario is that of 5 Majorana neutrinos: a light one which is mostly ντ and 4 heavy
ones that approximately pair up into 2 Dirac ones. However we see that there is very
little mixing between ντ and the other neutrinos. This rules these models out in that
they can not explain the atmospheric neutrino oscillations. We note that it is not too
far from being viable though there may also be constraints from oscillations into sterile
neutrinos.
Consider the model 1.5.2.1.4.2.− 4.− 5.− 3.− 1. Now we find for the eigenvectors


νe
νµ
ντ
N2
N1

 =


−0.03
−0.7
−10−4
−0.7
0

 ,


−0.03
−0.7
10−4
0.7
0

 ,


−0.2
−0.01
0.98
−10−4
0

 ,


0.97
−0.04
0.2
0
0

 ,


0
0
0
0
1

 ,
(A.20)
with respective eigenvalues (1,−1, 10−4, 10−16, 0). Again this is a 5 Majorana neutri-
nos scenario. Now 1 massless Majorana N1 decouples completely. We are left with
one heavy approximately Dirac pair which is mostly νµ and two Majorana which are
mostly νe and ντ that are light and (essentially) massless respectively. Indeed the mass
eigenstate which is mostly νe is really too light to produce a big enough mass gap with
the massless one. On the positive side there is more substantial mixing between νµ and
ντ so that potentially the atmospheric oscillations could be matched.
These last two scenarios both have their problems, however they are not too far
out. For this reason it is worth noting a feature in which they differ from the more
phenomenologically attractive model of section 4. The feature is that these models
have a singlet 15 in the first and 16 in the second which can play the role of the
supersymmetry breaking field in the Giudice-Masiero mechanism (Y in section 3.4). In
the first model we can form the operator in the Kahler potential 14¯14¯1212155Hu5¯Hd and
in the second model 14¯1212165Hu 5¯Hd. In this sense these models are more ‘calculable’
than that of section 4 since all the needed fields come from the point of E8.
A.2 3-field models
A.2.1 Quark sector
In this section the models are labeled as
Mono case.5¯Hd.5¯M1.5¯M2.5¯M3.1S1.1S2.1S3 . (A.21)
Model 1.5.2.1.4.− 4.− 1.2 : Y U =


ǫ2ǫ2 ǫ2ǫ2ǫ−4 ǫ2
ǫ2ǫ2ǫ−4 ǫ2ǫ2ǫ−4ǫ−4 ǫ2ǫ−4
ǫ2 ǫ2ǫ−4 1

 , Y D =


ǫ2ǫ2ǫ−4 ǫ2ǫ−4 ǫ2
ǫ2ǫ2ǫ−4ǫ−4 ǫ2ǫ−4ǫ−4 ǫ2ǫ−4
ǫ2ǫ−4 ǫ−4 1

 .(A.22)
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Model 1.5.2.1.4.− 4.1.2 : Y U =


ǫ2ǫ2 ǫ1ǫ2 + ǫ2ǫ2ǫ−4 ǫ2
ǫ1ǫ2 + ǫ2ǫ2ǫ−4 ǫ1ǫ1 + ǫ1ǫ2ǫ−4 + ǫ2ǫ2ǫ−4ǫ−4 ǫ1 + ǫ2ǫ−4
ǫ2 ǫ1 + ǫ2ǫ−4 1

 , (A.23)
Y D =


ǫ1ǫ2 + ǫ2ǫ2ǫ−4 ǫ1 + ǫ2ǫ−4 ǫ2
ǫ1ǫ1 + ǫ1ǫ2ǫ−4 + ǫ2ǫ2ǫ−4ǫ−4 ǫ1ǫ−4 + ǫ2ǫ−4ǫ−4 ǫ1 + ǫ2ǫ−4
ǫ1 + ǫ2ǫ−4 ǫ−4 1

 . (A.24)
Model 1.5.2.1.4.− 2.1.4 : Y U =


ǫ1ǫ1ǫ4ǫ4 ǫ1ǫ1ǫ4 ǫ1ǫ4
ǫ1ǫ1ǫ4 ǫ1ǫ1 ǫ1
ǫ1ǫ4 ǫ1 1

 , Y D =


ǫ1ǫ1ǫ4 ǫ1 ǫ1ǫ4
ǫ1ǫ1 ǫ1ǫ1ǫ−2 ǫ1
ǫ1 ǫ1ǫ−2 1

 . (A.25)
Model 1.5.2.1.4.1.2.4 : Y U =


ǫ2ǫ2 + ǫ1ǫ2ǫ4 + ǫ1ǫ1ǫ4ǫ4 ǫ1ǫ2 + ǫ1ǫ1ǫ4 ǫ2 + ǫ1ǫ4
ǫ1ǫ2 + ǫ1ǫ1ǫ4 ǫ1ǫ1 ǫ1
ǫ2 + ǫ1ǫ4 ǫ1 1

 , (A.26)
Y D =


ǫ1ǫ2 + ǫ1ǫ1ǫ4 ǫ1 ǫ2 + ǫ1ǫ4
ǫ1ǫ1 0 ǫ1
ǫ1 0 1

 . (A.27)
The models 1.5.2.1.4. − 4.1.2 and 1.5.2.1.4.1.2.4 are ruled out due to a bad neu-
trino sector (see next section) and bad down quark mixing respectively. The model
1.5.2.1.4.−2.1.4 is also ruled out due to giving a bad CKM matrix. There remains one
model that is 1.5.2.1.4.− 4.− 1.2. This model has the same quark sector as the 2-field
case and the vev for ǫ1¯ is left as a free parameter.
A.2.2 Neutrino sector
In this section the models are labeled as
Mono case.5¯Hd.5¯M1.5¯M2.5¯M3.1S1.1S2.1S3.1RHN1.1RHN2.1RHN3 . (A.28)
Model 1.5.2.1.4.− 4.− 1.2.− 6.− 5.− 3. K =


ǫ2 1 ǫ−1ǫ2
ǫ−1ǫ2 ǫ−1 ǫ−1ǫ−1ǫ2
1 ǫ−1ǫ−4 ǫ−1

 , (A.29)
W =


0 0 0
0 0 0
0 0 0

 , M =


0 0 0
0 0 0
0 0 0

 . (A.30)
Model 1.5.2.1.4.− 4.1.2.− 6.− 5.− 3. K =


ǫ2 1 0
0 0 0
1 0 0

 , (A.31)
W =


0 0 0
0 0 0
0 0 0

 , M =


0 0 0
0 0 0
0 0 0

 . (A.32)
Model 1.5.2.1.4.− 2.1.4.− 6.− 5.− 3. K =


ǫ1ǫ4 1 ǫ4
ǫ4 ǫ−2ǫ4 ǫ−2ǫ4ǫ4
1 ǫ−2 ǫ−2ǫ4

 , (A.33)
W =


0 0 0
0 0 0
0 0 0

 , M =


0 0 0
0 0 0
0 0 0

 . (A.34)
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Model 1.5.2.1.4.1.2.4.− 6.− 5.− 3. K =


ǫ2 + ǫ1ǫ4 1 ǫ4
ǫ4 0 0
1 0 0

 , (A.35)
W =


0 0 0
0 0 0
0 0 0

 , M =


0 0 0
0 0 0
0 0 0

 . (A.36)
All the models apart from 1.5.2.1.4.− 4.− 1.2.− 6.− 5.− 3 are ruled out because
their respective quark sectors are incompatible with observation. The model 1.5.2.1.4.−
4.1.2. − 6. − 5. − 3 also has one neutrino decoupled which is ruled out from neutrino
mixing constraints.
B Models with vector pairs of singlets
In this appendix we study models where we allow some of the singlets to come in vector
pairs. Of course this is slightly unattractive in terms of model building since we expect
a vector-like pair to gain a UV scale mass and to not appear in a low energy effective
theory. For this reason these models are relegated to the appendix.
We find that the only phenomenologically relevant cases are constructed from the
3-field cases studied in the previous section but with extensions by some conjugates of
the singlets already present. This means that the matter curves are the same single
combinations 1.5.2.1.4 as in the previous sections and the singlets are always 11, 12,
14 and their conjugates. In particular this implies that the global U(1) symmetry
associated to t5 that was present in the model of section 4 is also present for these
models. This symmetry forbids a µ term and proton decay operators.
There are certainly new models within this class that can satisfy the required phe-
nomenological constraints. We discuss some examples in section B.3. Although they
offer alternatives to the model of section 4 they do not carry many advantages over
it. There are two differences worth mentioning thought. The first is the fact that it
is possible to have quark Yukawas that have 3 independent parameters in their entries
(in the chiral case there were only ever 2 independent parameters). This means that it
is possible to tune the Yukawas to match the quark masses and mixing more precisely.
This is not much of an advantage given that the quark masses and mixing can already
by matched quite well by the model in section 4. The second difference is that, like in
the 2-field models of section A.1, there are candidate singlets for the Giudice-Masiero
field.
B.1 3-field models
B.1.1 The quark sector
In this section the models are labeled as
Mono case.5¯Hd.5¯M1.5¯M2.5¯M3.1S1.1S2.1S3 . (B.1)
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Model 1.5.2.1.4.−4.−2.2 : Y U =


ǫ2ǫ2 ǫ2ǫ2ǫ−4 ǫ2
ǫ2ǫ2ǫ−4 ǫ2ǫ2ǫ−4ǫ−4 ǫ2ǫ−4
ǫ2 ǫ2ǫ−4 1

 , Y D =


ǫ2ǫ2ǫ−4 ǫ2ǫ−4 ǫ2
ǫ2ǫ2ǫ−4ǫ−4 ǫ2ǫ−4ǫ−4 ǫ2ǫ−4
ǫ2ǫ−4 ǫ−4 1

 .
(B.2)
Model 1.5.2.1.4.− 4.1.4 : Y U =


ǫ1ǫ1ǫ4ǫ4 ǫ1ǫ1ǫ4 ǫ1ǫ4
ǫ1ǫ1ǫ4 ǫ1ǫ1 ǫ1
ǫ1ǫ4 ǫ1 1

 , Y D =


ǫ1ǫ1ǫ4 ǫ1 ǫ1ǫ4
ǫ1ǫ1 ǫ1ǫ−4 ǫ1
ǫ1 ǫ−4 1

 . (B.3)
Model 1.5.2.1.4.− 4.2.4 : Y U =


ǫ2ǫ2 ǫ2ǫ2ǫ−4 ǫ2
ǫ2ǫ2ǫ−4 ǫ2ǫ2ǫ−4ǫ−4 ǫ2ǫ−4
ǫ2 ǫ2ǫ−4 1

 , Y D =


ǫ2ǫ2ǫ−4 ǫ2ǫ−4 ǫ2
ǫ2ǫ2ǫ−4ǫ−4 ǫ2ǫ−4ǫ−4 ǫ2ǫ−4
ǫ2ǫ−4 ǫ−4 1

 .
(B.4)
Model 1.5.2.1.4.− 2.1.2 : Y U =


ǫ2ǫ2 ǫ1ǫ2 ǫ2
ǫ1ǫ2 ǫ1ǫ1 ǫ1
ǫ2 ǫ1 1

 , Y D =


ǫ1ǫ2 ǫ1 ǫ2
ǫ1ǫ1 ǫ1ǫ1ǫ−2 ǫ1
ǫ1 ǫ1ǫ−2 1

 . (B.5)
Model 1.5.2.1.4.− 1.1.2 : Y U =


ǫ2ǫ2 ǫ1ǫ2 ǫ2
ǫ1ǫ2 ǫ1ǫ1 ǫ1
ǫ2 ǫ1 1

 , Y D =


ǫ1ǫ2 ǫ1 ǫ2
ǫ1ǫ1 0 ǫ1
ǫ1 0 1

 . (B.6)
Model 1.5.2.1.4.− 1.1.4 : Y U =


ǫ1ǫ1ǫ4ǫ4 ǫ1ǫ1ǫ4 ǫ1ǫ4
ǫ1ǫ1ǫ4 ǫ1ǫ1 ǫ1
ǫ1ǫ4 ǫ1 1

 , Y D =


ǫ1ǫ1ǫ4 ǫ1 ǫ1ǫ4
ǫ1ǫ1 0 ǫ1
ǫ1 0 1

 . (B.7)
The models 1.5.2.1.4.−4.−2.2 and 1.5.2.1.4.−4.2.4 simply recreate the quark sector
of the analogous (chiral) 2-field model. Of the four new models, only 1.5.2.1.4.− 2.1.2
can recreate a realistic quark sector (see section B.3). The rest give rise to too large
mixing.
B.1.2 The neutrino sector
In this section the models are labeled as
Mono case.5¯Hd .5¯M1.5¯M2.5¯M3.1S1.1S2.1S3.1RHN1.1RHN2.1RHN3 . (B.8)
We display all the relevant neutrino models that are based on the phenomeno-
logically viable quark models presented in the previous section, i.e. (B.2), (B.4) and
(B.5).
Model 1.5.2.1.4.− 4.− 2.2.− 6.− 5.− 1. K =


0 0 0
0 0 0
1 ǫ−2 0

 , (B.9)
W =


0 ǫ2ǫ2ǫ−4ǫ−4 ǫ2ǫ2ǫ−4
0 0 0
0 0 0

 , M =


ǫ2ǫ2ǫ−4ǫ−4 0 0
0 0 0
0 0 0

 . (B.10)
Model 1.5.2.1.4.− 4.− 2.2.− 6.− 3.− 1. K =


0 0 0
ǫ2 1 0
1 ǫ−2 0

 , (B.11)
W =


0 ǫ2ǫ2ǫ−4ǫ−4 ǫ2ǫ2ǫ−4
0 0 0
0 0 0

 , M =


ǫ2ǫ2ǫ−4ǫ−4 0 0
0 0 0
0 0 0

 . (B.12)
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Model 1.5.2.1.4.− 4.− 2.2.− 5.− 3.− 1. K =


0 0 0
ǫ2 1 0
0 0 0

 , (B.13)
W =


0 ǫ2ǫ2ǫ−4ǫ−4 ǫ2ǫ2ǫ−4
0 0 0
0 0 0

 , M =


ǫ2ǫ2ǫ−4ǫ−4 0 0
0 0 0
0 0 0

 . (B.14)
Model 1.5.2.1.4.− 4.2.4.− 6.− 3.− 1. K =


0 0 0
ǫ2 1 ǫ4
1 0 0

 , (B.15)
W =


0 ǫ2ǫ2ǫ−4ǫ−4 ǫ2ǫ2ǫ−4
0 0 0
0 0 0

 , M =


ǫ2ǫ2ǫ−4ǫ−4 0 0
0 0 0
0 0 0

 . (B.16)
Model 1.5.2.1.4.− 4.2.4.− 5.− 3.− 1. K =


0 0 0
ǫ2 1 ǫ4
ǫ4 0 0

 , (B.17)
W =


0 ǫ2ǫ2ǫ−4ǫ−4 ǫ2ǫ2ǫ−4
0 0 0
0 0 0

 , M =


ǫ2ǫ2ǫ−4ǫ−4 0 0
0 0 0
0 0 0

 . (B.18)
Model 1.5.2.1.4.− 2.1.2.− 6.− 5.4. K =


0 0 0
0 0 0
1 ǫ−2 0

 , (B.19)
W =


0 ǫ1ǫ1ǫ−2 ǫ1
0 0 0
0 0 0

 , M =


ǫ1ǫ1ǫ−2ǫ−2 0 0
0 0 0
0 0 0

 . (B.20)
Model 1.5.2.1.4.− 2.1.2.− 6.− 3.4. K =


0 0 0
ǫ2 1 0
1 ǫ−2 0

 , (B.21)
W =


0 ǫ1ǫ1ǫ−2 ǫ1
0 0 0
0 0 0

 , M =


ǫ1ǫ1ǫ−2ǫ−2 0 0
0 0 0
0 0 0

 . (B.22)
Model 1.5.2.1.4.− 2.1.2.− 5.− 3.4. K =


0 0 0
ǫ2 1 0
0 0 0

 , (B.23)
W =


0 ǫ1ǫ1ǫ−2 ǫ1
0 0 0
0 0 0

 , M =


ǫ1ǫ1ǫ−2ǫ−2 0 0
0 0 0
0 0 0

 . (B.24)
All of these models can give rise to semi-viable models. We study the more attrac-
tive possibilities in section B.3.
B.2 4-field models
B.2.1 The quark sector
In this section the models are labeled as
Mono case.5¯Hd .5¯M1.5¯M2.5¯M3.1S1.1S2.1S3.1S4 . (B.25)
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The realistic 4-field quark sector models are
1.5.2.1.4.− 4.− 2.− 1.2 ,
1.5.2.1.4.− 4.− 2.1.2 ,
1.5.2.1.4.− 4.− 2.2.4 ,
1.5.2.1.4.− 4.− 1.1.2 ,
1.5.2.1.4.− 4.− 1.1.4 ,
1.5.2.1.4.− 4.− 1.2.4 ,
1.5.2.1.4.− 4.1.2.4 ,
1.5.2.1.4.− 2.− 1.1.2 ,
1.5.2.1.4.− 2.− 1.1.4 ,
1.5.2.1.4.− 2.1.2.4 ,
1.5.2.1.4.− 1.1.2.4 . (B.26)
The 4-field cases that include a 3-field case which had full Yukawa matrices just re-
produce the same Yukawas as the corresponding 3-field case. The exception to this
is that since 11 = 121¯4 in the cases where all of these singlets (or their conjugates)
are involved there are two relevant contributions to the Yukawas. Below we display
the only cases where the Yukawas differ from the corresponding 3-field case other than
through the extra contribution from the new gauge invariant combination just dis-
cussed, i.e. we show the cases where Yukawa entries that vanished in the 3-field case
are now non-vanishing.
Model 1.5.2.1.4.− 4.− 1.1.2 : Y U =


ǫ2ǫ2 ǫ1ǫ2 ǫ2
ǫ1ǫ2 ǫ1ǫ1 ǫ1
ǫ2 ǫ1 1

 , Y D =


ǫ1ǫ2 ǫ1 ǫ2
ǫ1ǫ1 ǫ1ǫ−4 ǫ1
ǫ1 ǫ−4 1

 . (B.27)
Model 1.5.2.1.4.− 4.− 1.1.4 : Y U =


ǫ1ǫ1ǫ4ǫ4 ǫ1ǫ1ǫ4 ǫ1ǫ4
ǫ1ǫ1ǫ4 ǫ1ǫ1 ǫ1
ǫ1ǫ4 ǫ1 1

 , Y D =


ǫ1ǫ1ǫ4 ǫ1 ǫ1ǫ4
ǫ1ǫ1 ǫ1ǫ−4 ǫ1
ǫ1 ǫ−4 1

 . (B.28)
Model 1.5.2.1.4.− 2.− 1.1.2 : Y U =


ǫ2ǫ2 ǫ1ǫ2 ǫ2
ǫ1ǫ2 ǫ1ǫ1 ǫ1
ǫ2 ǫ1 1

 , Y D =


ǫ1ǫ2 ǫ1 ǫ2
ǫ1ǫ1 ǫ1ǫ1ǫ−2 ǫ1
ǫ1 ǫ1ǫ−2 1

 . (B.29)
Model 1.5.2.1.4.− 2.− 1.1.4 : Y U =


ǫ1ǫ1ǫ4ǫ4 ǫ1ǫ1ǫ4 ǫ1ǫ4
ǫ1ǫ1ǫ4 ǫ1ǫ1 ǫ1
ǫ1ǫ4 ǫ1 1

 , Y D =


ǫ1ǫ1ǫ4 ǫ1 ǫ1ǫ4
ǫ1ǫ1 ǫ1ǫ1ǫ−2 ǫ1
ǫ1 ǫ1ǫ−2 1

 . (B.30)
We do not go on to consider 5-field and 6-field cases since they do not add any
important new features. Also we do not go on to consider the 4-field neutrino sector
since there are too many viable models to display. They can all be built as extensions
of the 3-field models in the previous section.
B.3 Example candidate models
Allowing for vector-like pairs in the singlet sector opens up a number of new phe-
nomenologically relevant models. In this section we study two examples.19
19Both of the examples have local singlet candidates for a Giudice-Masiero field and in that sense
differ from the model presented in section 4.
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B.3.1 Example 1
The first example is the model 1.5.2.1.4.−4.2.4.−6.−3.−1. This has the same quark
sector as the model in section 4 and so the same analysis applies. The neutrino sector
however is different and reads
K =

 0 0 0ǫ2 1 ǫ4
1 0 0

 , W =

 0 ǫ
2
2ǫ
2
−4 ǫ
2
2ǫ−4
0 0 0
0 0 0

 , M =

 ǫ
2
2ǫ
2
−4 0 0
0 0 0
0 0 0

 . (B.31)
After integrating out N3 we find the effective Lagrangian
L ⊃
v2
M∗
(
ǫ22ǫ
2
−4ν
2
µ + 2ǫ
2
2ǫ−4νµντ + ǫ
2
2ν
2
τ
)
+
vµ
M∗
[(ǫ2νe + νµ + ǫ−4ντ )N2 + νeN1] . (B.32)
Taking µ = v the resulting the mass eigenvectors are


νe
νµ
ντ
N2
N1

 =


−0.4
−0.6
−0.1
−0.6
−0.4

 ,


−0.4
−0.6
−0.1
0.6
0.4

 ,


0.6
−0.4
−0.1
−0.4
0.6

 ,


−0.6
0.4
0.1
−0.4
0.6

 ,


10−8
0.2
−1
0.001
10−5

 ,
(B.33)
with respective eigenvalues, in units of v2/M∗ ∼ 10
−3eV, (1,−1, 1,−1, 10−3). The
model is similar to that studied in section A.1.2. It has two approximately Dirac
neutrinos and one Majorana one. However now the light Majorana neutrino is not too
light but more importantly there is order one mixing between the neutrinos. In many
ways this model offers an attractive alternative to that presented in section 4.
B.3.2 Example 2
The second example has a new quark sector compared to the model studied in section
4. Although the quark sector is not as phenomenologically attractive we still present it
as an interesting alternative. The model we consider is denoted as 1.5.2.1.4.− 2.1.2.−
6.− 3.4 in section B.1.2. After interchanging two of the 10 and two of the 5 curves we
have the Yukawa matrices
Y U =

 ǫ
2
1 ǫ1ǫ2 ǫ1
ǫ1ǫ2 ǫ
2
2 ǫ2
ǫ1 ǫ2 1

 , Y D =

 ǫ
2
1ǫ−2 ǫ
2
1 ǫ1
ǫ1 ǫ1ǫ2 ǫ2
ǫ1ǫ−2 ǫ1 1

 . (B.34)
Setting ǫ1 = λ
3 and ǫ2 = λ
2 and repeating the analysis of section 4.1 we recover exactly
the Wolfenstein CKM matrix. The quark masses however are in the ratios
Up quarks λ6 : λ4 : 1 , (B.35)
Down quarks λ6ǫ−2 : λ
5 : 1 . (B.36)
The down-type ratios are not very attractive in that the strange and down quarks are
too light. This certainly also imposes that ǫ−2 should not be too small.
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The neutrino sector reads (after interchanging the two 5 curves)
DK =

 0 0 01 ǫ2 0
ǫ−2 1 0

 , DW =

 ǫ
2
1ǫ−2 0 ǫ1
0 0 0
0 0 0

 , M =

 ǫ
2
1ǫ
2
−2 0 0
0 0 0
0 0 0

 .(B.37)
After integrating out N3 we find an effective Lagrangian
L ⊃
v2
M∗
(
ǫ21ν
2
e + 2
ǫ1
ǫ−2
νeντ +
1
ǫ2−2
ν2τ
)
+
vµ
M∗
[(νe + ǫ2νµ)N2 + (νµ + ǫ−2νe)N1] . (B.38)
Taking ǫ−2 = λ and µ = v, the mass matrix has the following eigenvectors

νe
νµ
ντ
N2
N1

 =


0.5
0.5
0.02
0.5
0.5

 ,


−0.5
−0.5
0.02
0.5
0.5

 ,


−0.5
0.5
−0.02
−0.5
0.5

 ,


0.5
−0.5
−0.02
−0.5
0.5

 ,


10−17
10−18
1
−0.04
0.002

 ,
(B.39)
with respective eigenvalues, in units of v2/M∗ ∼ 10
−3eV, (1.1,−1.1, 0.9,−0.9, 10−16).
The model is very similar to that studied in section A.1.2. The advantage is that there
is more substantial mixing with ντ .
Overall this scenario is not as phenomenologically attractive as that presented in
section 4 but forms an interesting alternative.
C The singlet vevs and supersymmetry
The vevs of the singlets are taken as input parameters since determining them dynam-
ically is a global issue that does not decouple from moduli stabilisation. However there
is some tension between the singlet vevs and supersymmetry that we briefly discuss in
this appendix. We discuss the model given in section 4. The model has 3 singlets X1,
X2 and X3 and their charges are given in table 3.
The singlets appear in the D-terms associated to the U(1)s. We can take the U(1)s
to be associated to {t1, t2}, t3 and t4 so that the D-terms read
D1 = |X2|
2 − |X3|
2 + ξ1 , (C.1)
D2 = −|X1|
2 + |X3|
2 + ξ2 , (C.2)
D3 = |X1|
2 − |X2|
2 + ξ3 . (C.3)
The FI terms ξi are moduli dependent. The moduli should adjust themselves so that
ξ1 + ξ2 + ξ3 = 0 which is a necessary condition for supersymmetry. As well as the
D-terms there are the F-terms that arise from the superpotential
W ⊃ λX1X2X3 . (C.4)
Straightforwardly from (C.4) it follows that if at least 2 of the singlets have a vev,
which is the case in our model, some F-terms are non-vanishing. This system has a
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supersymmetric minimum with 2 vanishing singlet vevs and 1 vanishing FI term. Since
we require 3 non-vanishing singlet vevs such a minimum is not viable.
Of course as we have stated the vacuum depends on the global completion of the
model. In particular there may be more terms in the superpotential, such as instantonic
ones, that involve the singlets Xi. It is possible however to alter the model so that
a supersymmetric minimum with non-vanishing vevs can be found with only local
ingredients. If we do not turn on flux along the singlet curves their conjugate partners
are also present and the corresponding mass terms too. Denoting the conjugate singlets
X˜i, the D-terms and superpotential now read
D1 = |X2|
2 − |X˜2|
2 − |X3|
2 + |X˜3|
2 + ξ1 , (C.5)
D2 = −|X1|
2 + |X˜1|
2 + |X3|
2 − |X˜3|
2 + ξ2 , (C.6)
D3 = |X1|
2 − |X˜1|
2 − |X2|
2 + |X˜2|
2 + ξ3 , (C.7)
W ⊃ λX1X2X3 +M1X1X˜1 +M2X2X˜2 +M3X3X˜3 + λ
′X˜1X˜2X˜3 . (C.8)
It is simple to show that this system has a supersymmetric minimum with non-vanishing
singlet vevs. Setting M1 = M2 =M3 =M , λ = λ
′ = 1, and ξ1 = ξ3 = M
2 = −1
2
ξ2, we
have the solution
|X1|
2 ≃
3
5
M2 , |X2|
2 ≃ M2 , |X3|
2 ≃
8
5
M2 ,
|X˜1|
2 ≃
5
3
M2 , |X˜2|
2 ≃ M2 , |X˜3|
2 ≃
5
8
M2 . (C.9)
By taking M small we can consistently keep all the fields in the effective theory below
the cutoff scale.
Although this is a supersymmetric solution the vevs for the X˜i ruin the Yukawa
coupling calculations. Indeed we have that the vev X1 ≃ X2 which is not consistent
with the vevs taken in section 4. Further, since X˜3 has the same quantum numbers as
X1X2, its vev also gives too large Yukawa entries. It is possible to pick the masses and
FI term appropriately to remedy this situation. If we take
λ = λ′ , M1 = 4× 10
−5/2λM∗ , M2 = 4× 10
−3/2λM∗ , M3 = λM∗ ,
ξ1 = 0.1M
2
∗ , ξ2 = −0.4M
2
∗ , ξ3 = −(ξ1 + ξ2) . (C.10)
We find the solutions
|X1| ≃ 0.2M∗ , |X2| ≃ 0.047M∗ , |X3| ≃ 0.17M∗ ,
|X˜1| ≃ 0.64M∗ , |X˜2| ≃ 0.27M∗ , |X˜3| ≃ 0.009M∗ . (C.11)
These match the vevs taken for phenomenological motivations in section 4. Note that
X1X2 ≃ X˜3M∗ and so the vev of X˜3 leaves the Yukawa matrices calculations unaffected.
Again by taking λ small we can remain within the validity of the effective field theory
although 2 of the X˜i have relatively large vevs.
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